Endemic Infrared Divergences in QED3 at Finite Temperature 



Pok Man Lo and Eric S. Swanson 
Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, PA 15260, USA. 

(Dated: October 22, 2010) 

We demonstrate that massless QED in three dimensions contains endemic infrared divergences. 
It is argued that these divergences do not affect observables; furthermore, it is possible to choose a 
gauge that renders the theory finite. 
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I. INTRODUCTION 

Massless field theories in reduced dimensions are often burdened with infrared singularities that make computation 
and interpretation difficult. The problem is particularly acute in gauge theories, where mass, and hence an infrared 
cutoff, cannot be generated in perturbation theory. It is not unusual for these divergences to appear at a given order 
in perturbation theory, but to disappear once appropriate diagrams are summed. For example the famed resolution 
of the infrared divergence in the degenerate electron gas relies on summing infinitely many ring diagrams [l|. 

Another example is provided by massless QED in three dimensions (QED3). The perturbative vacuum polarisation 
form factor satisfies H(p 2 ) ~ e 2 \p\, thus the 0(e 4 ) fermion bubble insertion correction to the fermion self-energy 
behaves as 



a?q^e 2 \q\\ ~ log A IR (1) 
q 2 q 2 



where Am is an infrared cutoff. This divergence is cancelled by a nonanalytic e 4 log e 2 , rendering the theory well- 
behaved 0. 

Finally, we recall that finite temperature QCD in four dimensions suffers from the Linde problem, wherein infrared 
divergences appear at order g e in gluonic loop diagrams 0. The resolution of this problem is not known. 

A variety of novel features and applications have spurred interest in QED3. For example a Chern-Simons-like 
photon mass is possible in three dimensions d, Q 

Ccs = fi\e^ a F^A a . (2) 

This term breaks P and T invariance. It also generates fermion mass at one-loop in perturbation theory. 

If one considers the case of Nf massless two-component fermions then it has been argued that chiral symmetry 
is indeed broken but that the vacuum remains invariant under parity @. This has recently been supported by a 
numerical solution of the truncated Schwinger- Dyson equations [7[. 

Interestingly, it appears that fermion screening at Nt ^ 3.3 is sufficient to restore a chirally symmetric vacuum^]. 
Thus this theory illustrates how large mass hierarchies can be dynamically generated, which is of interest to BSM 
physics [9|- 

QED3 is popular as a model field theory for three dimensional condensed matter systems. Examples include 
applications to high T r superconductors, where the relevant dynamics is thought to be isolated to copper-oxygen 
planes in the cuprate[T(|. It is also considered as a gauge formulation of the 2+1 dimensional Heisenberg spin 



model[ll| and as a possible model for graphene[12| and quantum versions of spin-ice [13|]. Naturally, the behaviour of 
the theory at finite temperature and density is of great interest in these applications. 

Infrared divergences are exacerbated at nonzero temperature because perturbative diagrams are dominated in the 
infrared limit by the lowest available Matsubara frequency, which is zero in bosonic sums. Thus, even though QED3 
is infrared finite at zero temperature, problems may arise again at nonzero temperature. This issue has engendered 
some confusion in the literature. Some authors have noted that an infrared divergence exists, but have ignored it(l4j. 
or imposed an infrared cutoff[l5| . or assumed that higher order corrections remove the divergence[l6j. Many authors 
simply evade the issue entirely by employing the approximation [17] 

iD^uj^q) ->■ iD 00 (0,q). (3) 

We shall argue that infrared divergences are endemic to QED3 at finite temperature. Furthermore, the problem is 
not alleviated by finite fermion masses. Nevertheless, observables are finite and the theory is well-defined. 
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II. QED3 SCHWINGER-DYSON EQUATIONS AT FINITE TEMPERATURE 

We first consider massless abelian gauge theory in three dimensions. The Lagrangian is 

C=-- A F 2 + ^ + em-^{d-Af. (4) 

The coupling e 2 has units of mass and the theory is superrenormalisable. In three dimensions it is possible to form 
two- and four-dimensional representations of the Dirac algebra. The two-component theory does not have a chiral 
symmetry and the massive and massless theories have the same symmetry^. As mentioned in the Introduction, this 
theory does admit the possibility of spontaneous photon and fermion mass generation - and hence parity symmetry 
breaking. The four-component theory with Nf fermions is U(2Nf) symmetric, and can break to U(Nf) x U(Nf) if 
fermion mass is dynamically generated. We will show that infrared divergences occur in both versions. 

-1 -1 rx^ •>-? 




FIG. 1: Schwinger-Dyson Equations. Solid circles represent full propagators. The open circles represent the full vertex. 

The Schwinger-Dyson formalism will be used to verify the occurrence of infrared divergences. The equations for 
the fermion and photon propagators are shown in Fig. [1] These equations are considered at finite temperature, the 
extension to finite density is simple and does not change the conclusions. We employ the imaginary time formalism 
and choose to work covariantly, which necessitates introducing a three- vector, n^, that represents the heat bath. Thus 
the full fermion propagator is 

S= Ci+A^-B' (5) 

Here 

p p = (iuj n ,p) (6) 
where uj n = (2n + l)7rT is a fermionic Matsubara frequency and A, B, and C are functions of ui n and y 1 . 

A. Photon Propagator 

The vacuum polarisation tensor remains transverse at finite temperature, however the presence of an additional 
three- vector permits two transverse tensors 

^(n,?)=9X (7) 

and 

P^(n, q )= 9flu -^-P^( q )- (8) 
A transverse three-vector has been defined as 

q 2 

%=in-n^ — ■ (9) 

M n ■ q 

With these definitions one can parameterise the photon self energy as: 
U^{n,q) = P^II_l + P^JIl + ^^ a q a fi + i^e lyQ/3 g a 9^n 4 + iq^t^^q^Ii^ + e^ a pe^ a ,p,q a q a q^q^ II 6 (10) 
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Note that II, II4, II5, and Ilg are all null for four-component fermions and it is possible to combine the II4 and II5 
terms into symmetric and antisymmetric tensors. 
The full photon propagator is 

i£V,,(n,g) = DxP^+I>z;P£-i£^+^^ (11) 
For four-component fermions the form factors are 

n _ _. g 2 -n ± 

V-iW-iio-mV 1 ' 

D = (14) 

(q 2 - n ± ) 2 - [ ' 

° 4 = ^uI {Dl ~ D±) (15) 

D 5 = -D A (16) 
M 



D 6 = £> 4 - (17) 



The form factors are more complicated for two-component fermions; we consider the case /i = and II = 0, which is 
appropriate for isolating infrared divergences. One then obtains 
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(18) 

(19) 

(20) 
(21) 

(22) 
(23) 



(q 2 - u ± )(q 2 - n L ) + n 4 n 5 - u 6 ( q 2 - u L ) 
n 6 ( g 2 -n L ) -n 4 n 5 

(q 2 - U ± )[(q 2 - U ± )(q 2 - U L ) + II4II5 - U 6 (q 2 - U L )} ' 

B. Infrared Properties of the Photon Propagator 

We will shortly establish that it is the photon propagator that generates the infrared divergences in QED3 at finite 
temperature. We therefore examine the properties of the photon form factors in more detail. 
At one-loop order, and temporarily generalising to the massive fermion case, one obtains 

n 4 = o, n 5 = o, n 6 = o, (24) 

and 

n^ mat) (0, g ->0) = ^- (Tlog(l + c m / T )-m/(l + c-" l / T )) =m 2 cX (25) 

which defines the electric screening mass. The superscript indicates that this is the 'matter' portion of the form factor, 
which is defined as the form factor minus its vacuum (zero temperature) value. In the massless limit the screening 
mass reduces to 

m^ = 81og(2)aT (26) 
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with a = e 2 /(4ir). Of course this screening mass regulates infrared divergences for the longitudinal portion of the 
photon propagator. Unfortunately the same is not true for the transverse (II j_) and Chern-Simons (II) portions. 
At one-loop one obtains 



POO 

Il ( i at) (0,q^0) = -8a dE 

J m 



L " ~ "' 2 (tanh(£/2T) - 1) + — — (1 - tanh 2 (£/2T)) 



4E 2 v v ' ' ' 8TE 



(27) 



The fact that there is no magnetic screening mass at this order is well-known and is true to all orders. The 
argument [l^ employs the exact expression for the photon self-energy: 

IV(n,q) ~e 2 T]T f d 2 £ tr [ lfl S(£) r v (q + £,l)S(q + £)} (28) 

where T u is the full three point function. 

The Ward identity can be used to simplify this expression for small q: 



Substituting and employing 



r„(<,«) = ^5 (29) 



then yields 



n^(o l(Z ^o)^- e 2 r^ J d 2 £tr[^—]. 



(31) 



Thus the integral over spatial dimensions vanishes and the magnetic mass must be zero to all orders. 
It is possible to enlarge this statement to read 

n ± (0,g->0) = c ± q 2 + 0{q 4 ). (32) 

This is explicitly true to 0(e 5 ) in QED4 and Blaizot et al. argue that it is true to all orders [l9j. The basic idea 
is that the nonvanishing minimum fermionic Matsubara frequency makes the self energy an analytic function of q 2 . 
An expansion about q = then yields II j_ — > + 0(q 2 ), with the odd terms vanishing due to rotational invariance. 
We note that this argument generalises directly to three dimensions. This result is important because it implies that 
there is no dynamical screening in the magnetic sector. 

The one-loop expression for the Chern-Simons form factor is 

fl(0, q -> 0) = aq tanh(m/2T). (33) 
This result should be compared to the zero temperature form factor 

~ in 

n(0) = a qri . (34) 
\m\ 

One sees that the zero temperature limit correctly recovers Eq. [34] but as the fermion mass goes to zero 11(0) — > ±aq 
whereas the finite temperature version approaches zero if T is kept finite (the correct result is obtained if one takes 
the limit before performing the integral). Furthermore, when 2Nf degenerate fermions are present it is possible to 
maintain parity invariance of the vacuum (which is expected (2pj) if Nf fermions develop positive dynamical mass 
and Nf fermions develop negative dynamical mass. Thus it is expected that U(0) = and & mat \0, 0) = on quite 
general grounds. 
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A theorem due to Coleman and Hill stipulates that fl(0) receives no further corrections at zero temperature[2l| . 
The argument considers the effective action obtained by integrating out the fermions; gauge invariance implies that 
the leading behaviour of a general n-point function is 



r< n >(p 1 ...p n ) = o(puj 2 ). 



(35) 



Two external photon lines contribute 0(p 2 ) to any diagram beyond one-loop and so can not contribute to a function 
that is proportional to p. Nonzero contributions can only arise from graphs in which the two external photon lines 
end on a loop that has no other photon lines attached to it. Thus all corrections to the photon mass beyond one loop 
order vanish. Evidently the argument generalises directly to nonzero temperature so that Eq(33]is true to all orders. 

Finally, for two-component fermions II4, II5, and IT6 need not be zero. However, all three are zero at one- loop 
order. Furthermore the conditions of the (generalised) Coleman-Hill theorem apply to n 4 and n 5 implying 



n 4 (o,g^o) = o, n 5 (o,g^o) = o 



(36) 



to all orders. Furthermore, as T — > one must recover the vacuum form of the photon propagator. Eqs. [T2l - [T7I then 
imply that Hl(T — > 0; v, q) = Tl±(T — > 0; v, q), which is a well-known property of these form factors. Similarly Eqs. 
HU- [22] imply that 



n 4 (T^0;^,<z) = 0, U 5 {T^0;iy,q)=0, U 6 (T -> 0; v, q) = 0. 



(37) 



C. Fermion Self-Energy and Infrared Divergences 

The lack of magnetic screening leads directly to an infrared divergence in the fermion self-energy, as we now 
demonstrate. Consider the exact expression for the fermion self energy that appears in the Schwinger-Dyson equation 
of Fig. m 



(38) 



We again employ the finite temperature version of the Ward identity to obtain the leading behaviour of the fermion 
self energy when q = p — 77: 



OPv Op a 



(39) 



When n = (1, 0, 0) the leading infrared behaviour is obtained when v (or n ■ q) is zero, we therefore set v = in the 
following. One obtains 



divE(p) = -e 2 T[ 7 ^(p)^]div / ^-iVfa) 

"Pn J A IR ( 27I T 



Tifj,ri v g^ v . . £ N 

u^Dl + — - — —(iD^ + tD 6 5 , 

2 r\ z 



(40) 
(41) 



For four-component fermions only the gauge term is infrared divergent if the photon mass is nonzero. If it is zero one 
has 



d\v^{p)=e 2 T[ lv ^S{p) 



An 



1 



l-c± 



log A 



in- 



Similarly for two-component fermions with fi = 



divE(p) = e 2 T[ 7 ^5(p)- 1 ] 



9^ 



4tt 



C6 



1 - Cj. (1 - Cx) (c 6 + Cx - 1) 



log A 



IR- 



(42) 



(43) 
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We have assumed that ^(O, q — > 0) — » c§q 2 . If there is a screening mass in this form factor one can take the limit as 
C6 goes to infinity in Eq. 1431 Furthermore, if parity symmetry is spontaneously broken so that 11(0) ^ then only 
the gauge term has an infrared divergence. 

Thus a logarithmic infrared divergence appears in the fermion propagator. This statement is exact, only relying on 
the Ward identitythe existence of 1/q 2 terms in the exact photon propagator, and general properties of the photon 
form factors. It is clear that a finite fermion mass does not change this conclusion. However, a finite photon mass 
regulates the transverse part of the propagator, leaving only the divergence in the gauge term. 



III. DISCUSSION AND CONCLUSIONS 



At first sight the appearance of endemic infrared divergences is problematic; however, we now demonstrate that 
these divergences do not appear in observables. Consider first the case where the photon has a mass; the infrared 
divergence is then associated with the gauge parameter. Thus gauge invariance of observables implies that observables 
are also independent of the infrared cutoff. 

Furthermore, S(p)~ 1 is zero at the physical pole location, thus Eq. HT]implies that the pole location is independent 
of the gauge parameter and the infrared cutoff. In fact because the order of the infrared divergence due to the gauge 
and magnetic portions of the photon propagator is the same and because the prefactors are constants, one can simply 
absorb the magnetic divergence into the gauge parameter, thereby showing that all observables are infrared safe. 

Finally, it is always possible to employ the gauge 



with an analogous expression for two-components fermions, to render all quantities infrared safe. 

An all-orders argument for the existence of infrared divergences in the fermion propagator of QED3 at finite 
temperature has been presented. The argument relies on gauge invariance and analyticity of n-point functions at 
nonzero temperatures. These properties imply that II, 11^, II4, and 1I5 all scale as 0(q 2 ) for small momenta. The 
Ward identity can be used to isolate infrared divergences to the full photon propagator, revealing that the lack of 
magnetic screening in three dimensions leads to a logarithmic infrared divergence unless parity is explicitly broken 
with a photon mass. 

Nevertheless, because the divergences are associated with the exact photon propagator and are of the same form as 
that arising due to the gauge term, they must cancel in observables. It is therefore possible to define a gauge which 
eliminates the divergences entirely. 



Acknowledgments 



This research was supported by the U.S. Department of Energy under contract DE-FG02-00ER41135 and an Andrew 
W. Mellon Predoctoral Fellowship. 



[1] M. Gell-Mann and K.A. Brueckner, Phys. Rev. 106, 364 (1957); D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
[2] R. Jackiw and S. Templeton, Phys. Rev. D 23, 2291 (1981). 
[3] A. D. Linde, Phys. Lett. B 96, 289 (1980). 
[4] J. Schonfeld, Nucl. Phys. B185, 157 (1981). 

[5] S. Deser, R. Jackiw and S. Templeton, Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406 (1988)] [Annals Phys. 185, 

406 (1988)] [Annals Phys. 281, 409 (2000)]. 
[6] T. Appelquist, M. J. Bowick, D. Karabali and L. C. R. Wijewardhana, Phys. Rev. D 33, 3774 (1986); K. Stam, Phys. Rev. 

D 34, 2517 (1986); S. Rao a nd R. Yahalom, P hys. Rev. D 34, 1194 (1986). 
[7] P. M. Lo and E. S. Swanson. larXiv:1010. 12441 [hep-ph]. 

[8] T. W. Appelquist, M. J. Bowick, D. Karabali and L. C. R. Wijewardhana, Phys. Rev. D 33, 3704 (1986). 
M. R. Pennington and D. Walsh, Phys. Lett. B 253, 246 (1991). 
P. Maris, Phys. Rev. D 54, 4049 (1996). 

C. S. Fischer, R. Alkofer, T. Dahm and P. Maris, Phys. Rev. D 70, 073007 (2004). 
S. Hands and J. B. Kogut, Nucl. Phys. B335, 455 (1990); 

S. J. Hands, J. B. Kogut, L. Scorzato and C. G. Strouthos, Phys. Rev. B 70, 104501 (2004). 



7 



C. Strouthos and J. B. Kogut, PoS LAT2007, 278 (2007); 

C. Strouthos and J. B. Kogut, J. Phys. Conf. Ser. 150, 052247 (2009); 

W. Armour, J. B. Kogut and C. Strouthos, Phys. Rev. D 82, 014503 (2010). 
[9] R.D. Pisarski, Phys. Rev. D 29, 2423, (1984). 
[10] N. Dorey and N.E. Mavromatos, Nucl. Phys. B 386, 614 (1992); I.J.R. Aitchison and N.E. Mavromatos, Phys. Rev. D 53, 

9321 (1996); P. Ghaemi and T. Senthil, Phys. Rev. B 73, 054415 (2006). 
[11] R. Dillenschneider and J. Richert, Phys. Rev. B 74, 144404 (2006). 
[12] V. P. Gusynin and S. G. Sharapov, Phys. Rev. Lett. 95, 146801 (2005). 
[13] C.L. Henley, Ann. Rev. Cond. Mat. Physics 1, 179 (2010). 
[14] D. J. Lee, Phys. Rev. D 58, 105012 (1998). 
[15] G. Triantaphyllou, JHEP, 3, 20 (1999). 

[16] D. Lee and G. Metikas, Int. J. Mod. Phys. A 14, 2921 (1999). 
[17] N. Dorey and N.E. Mavromatos, Phys. Lett. B 266, 163 (1991). 

N. Dorey and N.E. Mavromatos, Nucl. Phys. B 386, 614 (1992); 

I. J. R. Aitchison and M. Klein-Kreisler, Phys. Rev. D 50, 1068 (1994); 

M. He, H.-T. Feng, W.-M. Sun, H.-S. Zong, Mod. Phys. Lett. A 22, 449, (2007); 

J. F. Li, Y. Q. Zhou, H. T. Feng, W. M. Sun and H. S. Zong, Mod. Phys. Lett. A 25, 2645 (2010) 
[18] E. Fradkin, Proc. Lebedev Phys. Inst., 29, 7 (1965). 
[19] J.-P. Blaizot, E. Iancu, and R. Parwani, Phys. Rev. D 52, 2543 (1995). 
[20] C. Vafa and E. Witten, Phys. Rev. Lett. 53, 535 (1984). 
[21] S. R. Coleman and B. R. Hill, Phys. Lett. B 159, 184 (1985). 



